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Abstract Two mathematical models are proposed detailing the influence of ocean spray
on vertical momentum transport under high-wind conditions associated with a hurricane or
severe storm. The first model is based on a turbulent kinetic energy (TKE) equation and
accounts for the so-called lubrication effect due to the reduction of turbulence intensity. The
second model is based on Monin–Obukhov similarity (MOS) and uses available experimental
data. It is demonstrated that the flow acceleration is negligible for wind speeds below a certain
critical value due to the fact that the spray volume concentration is low for such speeds. For
wind speeds higher than the critical value, the spray concentration rapidly increases, which
results in significant flow acceleration. Both models produce qualitatively similar results for
all turbulent flow parameters considered. It was found that the MOS-based model tends to
predict a noticeably stronger lubrication effect than the TKE-based model, especially for
lower wind speeds. The results of model calculations are in very good agreement with avail-
able experimental data for the spray production values near the upper bound. It is also shown
that neither the value of the turbulent Schmidt number in the TKE-based model nor the choice
of a stability profile function affects the spray-laden flow dynamics significantly.
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1 Introduction

Accurate modelling of ocean spray is important for understanding strong storm and tropical
cyclone dynamics. It has been pointed out (Bortkovskii 1973; Borisenkov 1974; Ling and
Kao 1976; Lighthill 1999) that ocean spray produced via different physical mechanisms
(Andreas et al. 1995; Andreas and DeCosmo 1999; Kudryavtsev 2006) significantly affects
these dynamics. The spray influences the intensity and structure of a hurricane both mechan-
ically and thermodynamically. Mechanical mixing of spray with the near-surface airflow has
a strong effect on the momentum exchange between the atmosphere and the upper sea layer.
At the same time, as discussed, for example, by Kepert et al. (1999), Andreas and Emanuel
(2001), Gall et al. (2008), the ocean spray injected into the air leads to significant variations
of sensible and latent heat fluxes in the near-surface layer. This enhanced heat exchange is
responsible for the creation of stable or unstable vertical thermal stratification, which in turn
affects mechanical flow characteristics and the turbulence level within the layer. Such a two-
way coupling between mechanical and thermodynamic influences of the ocean spray is an
inherent feature of air–sea exchange (Fairall et al. 1994), yet the ultimate influence of spray
evaporation on hurricane dynamics remains the subject of heated debate. A good review of
the state of affairs in this area is given by Wang et al. (2001) who concluded that ‘further
research is needed to determine which (model) most reliably represents reality, as to whether
spray would cool or warm the surface layer’, and thus would lead to either suppression or
intensification of a hurricane.

In the present study, we choose to take a different line of study. We aim to investigate
the pure mechanical influence of sea spray on the level of turbulence and wind speed in
the near-surface atmospheric layer, assuming that a mechanical (mixing) effect of the spray
on the averaged characteristics of a near-sea atmospheric layer is much stronger than the
thermodynamic influence of the spray on the airflow. Using such an assumption, we will
decouple the problem and consider the mechanical characteristics of the airflow indepen-
dently of its thermodynamic properties. Indirectly, such an approach is warranted by studies
of, for example, Fairall et al. (1994), Kepert et al. (1999) and Wang et al. (2001), which
indicate that the evaporation of sea spray largely redistributes sensible and latent heat fluxes
in the marine boundary layer rather than alters the net enthalpy flux that affects the hurricane
intensity. Therefore, at the coarsest mechanical model level, the details of thermodynamic
processes can be neglected.

Various mechanical factors that contribute to the air–sea momentum exchange have been
investigated in a number of recent studies: Donelan et al. (2004), Makin (2004), Barenblatt
et al. (2005), Kudryavtsev (2006), Vakhguelt (2007), Babanin and Makin (2008) to name a
few. Several approaches have been proposed to estimate the effect of sea spray on the wind
stress (Makin 2004; Barenblatt et al. 2005; Kudryavtsev 2006). Makin (2004) assumed a
limiting saturation in a thin region adjacent to the sea surface as described previously by
Barenblatt and Golitsyn (1974) for high flow speeds: the air in this layer absorbs the max-
imum possible amount of droplets given the unrestricted production of ocean spray. Makin
(2004) reported the possibility of significant acceleration of airflow in this regime. Although
the author presented an interesting theoretical paradigm, the spray production is primarily
defined by the wind speed (Andreas 1998), and further study is required to establish whether
the air motion can be assumed sufficiently fast for the regime of limiting saturation to be
observed in reality. Moreover, the regime of limiting saturation may occur only for spray
droplets characterized by a relatively small terminal fall velocity (Barenblatt and Golitsyn
1974). It is unclear though whether a significant number of such droplets are present in ocean
spray.
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Kudryavtsev (2006) presented an alternative model of the spray-laden atmospheric bound-
ary layer that accurately predicts a decrease in the 10-m drag coefficient Cd for wind speeds
in the range 30–45 m s−1. However, comparison with the experimental data of Powell et al.
(2003) indicates that the model might overestimate the degree of reduction in the drag coef-
ficient for flow speeds above 45 m s−1 and the value of friction velocity at smaller wind
speeds.

Barenblatt et al. (2005, BCP hereafter) recently reported that ocean spray leads to a signifi-
cant decrease in the turbulence intensity of atmospheric flow, which in turn reduces the air–sea
drag and results in near-surface flow acceleration. The model presented in BCP is based on
a sound theory of sediment-laden flows developed earlier (Barenblatt 1953; Kolmogorov
1954). The numerical calculations reported in BCP suggest almost an order of magnitude
increase in wind speed when very large droplets are present in the flow. In an attempt to
confirm these results, we implemented BCP’s model independently, but were not able to
reproduce them in our calculations; instead, our numerical results predict a much smaller
increase in wind speed indicating a likely numerical error in BCP.

A large number of various hurricane and air–sea interaction models are available in the
literature, some including a very detailed and specific description of the influencing factors
and realistic regional geographic features, e.g., a large hybrid model of hurricane Opal in
the Gulf of Mexico suggested by Bao et al. (2000). Yet, the conclusion made by the authors
there was that a realistic hurricane evolution could be simulated without a ‘physically faith-
ful description of fluxes at the air–sea interface, so long as the amount of momentum and
enthalpy fluxes from the model’s lower boundary … is sufficient to sustain hurricane evo-
lution’. Therefore, the aim of the present study is to suggest a physically meaningful, yet
easy-to-use model, which would be able to provide a good approximation for such fluxes.

We explore two approaches describing spray-laden turbulent boundary-layer dynamics.
The first model considers the coupled vertical momentum, ocean spray and turbulent kinetic
energy transports (TKE model). It is impossible to account accurately for the contraction
of turbulent eddies due to the spray stratification within the framework of the TKE model.
Therefore, based on Soulsby and Wainwright (1987), we apply Monin–Obukhov similarity
(MOS) theory for a sediment-stratified boundary layer and use the analogy between thermally
stratified and sediment-stratified boundary layers when developing our model. We consider
two stability functions for momentum profile measurements in the thermally stratified stable
atmospheric layer: the ‘classical’ log-linear function (Dyer 1974) and the function recently
obtained by Grachev et al. (2007). Both approaches have their advantages and disadvantages.
The TKE-based model is derived from the fundamental principles of turbulent flow theory,
but it cannot consistently account for such effects as the shrinking of turbulent scales in a ther-
mally or sediment-stratified boundary layers. The MOS model is based on a semi-empirical
approach that uses experimentally obtained stability functions for the mean flow velocity and
temperature (thermally-stratified boundary layer) or sediment (sediment-stratified boundary
layer) profiles.

We show that at high wind speeds the spume spray, which is produced by tearing the
droplets directly from the wave crests, primarily affects the turbulent momentum transport.
The spray concentration is determined by the generation rate that is a function of the wind
speed: the available experimental data indicate that the spume-spray generation rate increases
exponentially with the flow speed (Monahan 1986; Wu 1993; Andreas 1998). Unfortunately,
there exists a large degree of uncertainty regarding the actual rate values, especially for high
winds. Andreas (1998) reported the difference in the spray production rates suggested by
different authors of up to six orders of magnitude. For example, the spray production rate
reported by Andreas (1998) for an airflow speed of 35 m s−1 differs from that of Wu (1993)
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by four orders of magnitude. For the purpose of our investigation, we estimated the upper and
lower bounds for the exponential growth rate for the spume-spray generation (the weakest
and the strongest spray impact regimes, respectively) based on the available experimental
data (Lai and Shemdin 1974; Monahan 1986; De Leeuw 1993; Smith et al. 1993; Wu 1993;
Anguelova et al. 1999). We found that spume generated at the highest detected growth rate
induces a lubrication effect at a noticeably lower flow speed (of about 30 m s−1) than that at
the lowest growth rate (of about 50 m s−1).

We found that both TKE and MOS-based models produce qualitatively similar results,
although the MOS-based model tends to predict a noticeably stronger lubrication, especially
for lower flow-speed values. On the other hand, the TKE model predicts a somewhat stronger
lubrication for smaller turbulent Schmidt numbers. The choice of stability functions does not
significantly affect the strength of the lubrication effect in MOS-based models. This article is
organized as follows: Sect. 2 presents the derivation of a model and discusses its parametric
validity range. Numerical and analytical results are discussed in Sect. 3. Conclusions are
presented in Sect. 4.

2 Mathematical Model of Ocean Spray

2.1 Governing Equations

The continuity equation for the distribution of droplets suspended in a horizontally homoge-
neous layer of air can be written as (Monin and Yaglom 2007)

− d

dz

[
α0sk

dn

dz
+ a0n

]
= q0, (1)

where n(z; r), q0(z; r) and a0(r) are the droplet volume mixing ratio, the source function
and the terminal velocity of the droplet, respectively (all depending on the height z above the
averaged water surface level and parametrized by the droplet radius r ), k is the turbulent eddy
diffusivity and α0s is the reciprocal of the turbulent Schmidt number (Monin and Yaglom
2007), which is the ratio of the eddy viscosity and the eddy mass diffusivity. After integrating
(1) between an arbitrary value of z and infinity, and assuming that the spray concentration is

negligible at infinity (which implies that n|z→∞ = 0 and dn
dz

∣∣∣
z→∞ = 0) we obtain

α0sk
dn

dz
+ a0n = q, (2)

where

q(r; z) =
∞∫

z

q0(z
′; r)dz′. (3)

Experimental data on ocean spray production and the theoretical description of relevant phys-
ical mechanisms were previously presented by a number of authors, e.g. Wu (1979), Andreas
et al. (1995). We briefly summarize them below.

It is known that ocean spray is generated from three sources: jet droplets, film droplets
and spume droplets (Andreas and DeCosmo 1999). The breaking of ocean waves causes
an entrainment of air, which results in whitecap formation. Film droplets occur as a result
of bursting whitecap bubbles, while jet droplets are ejected from the centres of collapsing
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bubble cavities. Jet droplets and film droplets (whose radii range from 0.5 to 50 µm) form
bubble-generated spray, whose rate of production is determined by the rate at which air is
entrained into the ocean surface layer. It is proportional to the rate of whitecap formation.
Observations indicate that bubble-generated droplets tend to be injected upwards. The height
of injection is under 0.2 m (Wu 1979). Therefore, the bubble-generated droplets are confined
to a thin layer near the surface. A spume spray is generated via the tearing of water droplets
off the wave crests. Spume droplets typically have radii larger than 20 µm and are ejected
horizontally. Their source is confined to a thin layer above the major wave crests.

It is intuitively clear that the volume fraction of a spume spray should increase with the
wind speed. Experimental results indicate that the mass of a spume spray is indeed larger
than that of jet and film spray for 10-m wind speeds u10 > 12–13 m s−1 (De Leeuw 1986). As
noted by Andreas (1998), the compilation of spray-generation functions (SGFs) from previ-
ous studies (Blanchard 1963; Ling et al. 1980; Gathman 1982; Monahan 1986; Bortkovskii
1987; Woolf et al. 1987; Iida et al. 1992; Wu 1992, 1993; Smith et al. 1993) supports this con-
clusion. It appears that the spume-spray production rate is at least an order (and possibly two
to three orders) of magnitude larger than the bubble-generated spray production for u10 > 20
m s−1. Therefore, spume spray, rather than bubble-generated spray, dominates the vertical
momentum transport in the flow at high wind speeds. Since spume spray is produced in a
relatively thin layer just above the wave crests we represent the source for the spume-spray
generation by the Dirac δ-function (Fairall et al. 2009):

q0(z; r) = Q0(r)δ(z − zW), (4)

where Q0(r) is the strength of the spray-production source also known as the spray-generation
function and zW is the average height of the wave crests. From (3) and (4), we obtain the
following expression for the source termq(z; r):

q(z; r) = Q0(r)H(zW − z), (5)

where H(z) is the Heaviside step function, which implies that the source term q(z; r) is equal
to the value of Q0(r) below zW and zero above zW. Therefore, Eq. (2) can be rewritten as

α0sk
dn

dz
+ a0n = Q0, z < zW, (6)

α0sk
dn

dz
+ a0n = 0, z > zW. (7)

It is noted that the coefficient of turbulent diffusion k, which depends on the vertical coor-
dinate z, becomes zero in the thin layer near the sea surface at z = 0 where turbulence
is suppressed by viscosity. After substituting k = 0 into Eq. (6), we obtain the following
boundary condition for this equation at z = 0:

n(r) = Q0(r)

a0(r)
. (8)

The general solution of (6) can be written in the form:

n(z) = Q0

a0
+ B exp

⎛
⎝− a0

α0s

z∫
dξ

k(ξ)

⎞
⎠ , (9)

where B is some constant. After applying the boundary condition (8)–(9), we obtain that
B = 0, i.e., the spray concentration does not depend on the vertical coordinate for z < zW

and is equal to (8). In order to solve Eq. (7), we need to know the dependence of Q0 and
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α0s on the droplet radius r . Unfortunately, there are no reliable experimental data for α0s(r)

and Q0(r) available for high wind speeds u10 > 30 m s−1. Therefore, we consider a simpler
model that deals with the total volume mixing ratio s(z) rather than with the size-dependent
distribution n(z; r). The total volume mixing ratio s(z) can be expressed in terms of the
size-dependent volume mixing ratio distribution n(z; r) as

s(z) =
∞∫

0

n(z; r)dr . (10)

From (8) and (10), we conclude that the total spray volume mixing ratio s(z) below zW takes
a constant value

s0 =
∞∫

0

Q0(r)

a0(r)
dr, z < zW. (11)

Next, by integrating Eq. (7) with respect to the droplet radius r , we obtain

k
d(αss)

dz
+ as = 0, z > zW, (12)

where a and αs are, respectively, the mean terminal velocity and reciprocal Schmidt number
averaged over the complete spectrum of droplet sizes:

a(z) = 1

s(z)

∞∫
0

a0(r)n(z; r)dr, (13)

αs(z) = 1

s(z)

∞∫
0

α0s(r)n(z; r)dr. (14)

The value of the mean terminal velocities ab and αbs below the crest level at z < zW is found
by substituting (8) into (13) and (14)

ab = 1

s0

∞∫
0

Q0(r)dr, (15)

αbs = 1

s0

∞∫
0

Q0(r)α0s(r)

a0(r)
dr, (16)

where s0 is given by (11). The values of the average terminal velocity a(z) and the aver-
age reciprocal Schmidt number αs(z) defined by (13) and (14), respectively, depend on the
spray distribution function n(z; r), which is not known. Therefore, in order to solve (12),
we need to make reasonable assumptions about the distributions of a(z) and αs(z). Specif-
ically, we assume that the average terminal velocity a(z) above the wave crests is equal to
the average terminal velocity ab below the wave crests. This assumption is justified by the
following arguments. The average terminal velocity is determined largely by droplets with
sizes in a relatively narrow range of r = 100−200 µm (Andreas 1998; Wu 1993). This is so
because the volume spray production rate is only large for such droplets. The droplet terminal
velocity, however, does not vary significantly over the considered range of sizes and remains
of the same order of magnitude as the mean terminal velocity, ≈1 m s−1 (more specifically,
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a(r) = 0.7−1.5 m s−1). Therefore, the difference between the spray distributions above and
below wave crests should not cause a significant variation in the average droplet terminal
velocity a(z).

2.2 Application of the TKE Theory to the Spray-Laden Boundary Layer

The remaining equations for the momentum exchange and turbulent kinetic energy (TKE)
balance can be written in the following form (Barenblatt 1996; Monin and Yaglom 2007):

k
du

dz
= u2∗, (17)

k

(
du

dz

)2

(1 − K o) − ε = 0, (18)

where u is the wind speed (dependent variable) and u∗ is the friction velocity (parameter).
The eddy viscosity k, Kolmogorov number K o and the TKE dissipation rate ε are expressed
in terms of u, s (the third dependent variable), turbulence kinetic energy e, and turbulence
mixing length l as

k = l
√

e, (19a)

K o = −αsσg

u2
z

ds

dz
, (19b)

ε = e3/2

l
, (19c)

where σ = (ρw − ρa)/ρa ≈ 103, ρa and ρw are the densities of air and seawater, respec-
tively, and g is the gravitational acceleration. Note that the Kolmogorov number K o for a
spray-laden atmospheric boundary layer is analogous to the flux Richardson number R f for
a thermally stratified boundary layer (Monin and Yaglom 2007). We adopt the following
expression for the mixing length (Barenblatt 1996):

l = k∞z�(K o), (20)

where k∞ = 0.4 (Tennekes 1973) is a non-dimensional parameter that depends on Reynolds
number Re (Barenblatt 1996) and is taken in the limit of Re → ∞, and �(Ko) is a function of
the Kolmogorov number that accounts for the possible contraction of the turbulence mixing
length due to the atmospheric stratification. Based on BCP, we assume �(K o) = �(0) = 1.
It is noted that this model is valid for small values of sσ, i.e. for s < 10−4. For larger values
of this product, the spray inertia might become important. To keep the current analysis rea-
sonably short, we omit reporting the analysis of an extended model that accounts for inertia
to a separate publication.

2.3 Application of Monin–Obukhov Similarity Theory to the Spray-Laden Boundary Layer

We follow the Soulsby and Wainwright (1987) approach that assumes that MOS can be
used for the sediment-laden turbulent boundary layer. The Obukhov length Ls (Businger and
Yaglom 1971), also referred to as the Monin–Obukhov length, for the layer stratified by the
ocean spray is defined as

Ls = u3∗
k∞asσg

. (21)
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According to the MOS theory the following universal similarity laws should hold

du

dz
= u∗

k∞z
φm(ξ), (22)

ds

dz
= as

k∞u∗z
φh(ξ), (23)

where

ξ(z) ≡ z

Ls
. (24)

where φm and φh are non-dimensional vertical gradients (also referred to as stability profile
functions) of the mean wind speed u and the mean value of an active scalar, which is the
temperature distribution for a thermally stratified boundary layer or the spray concentration
profile s in a spray-laden boundary layer. Even though the gradient Richardson number

Ri = ξφh(ξ)

φ2
m(ξ)

(25)

is a commonly used indicator of boundary-layer stability, following Grachev et al. (2005),
we use the value of the parameter ξ for this purpose. Traditionally, three distinct regimes are
distinguished for the stable boundary layer (Mahrt 1998): weakly stable (0 < ξ <∼ O(0.1)),
transitional (O(0.1)<∼ξ <∼ O(1)) and very stable (ξ >∼ O(1)). The weakly stable boundary layer
is described by the classical MOS theory. Shortly, we demonstrate that the transitional and
very stable layer (at least up to some value of Ri) can also be described by the generalized
MOS theory that uses scaling variables redefined in terms of the z-dependent local fluxes
and generalized expressions for the stability functions φm(ξ) and φh(ξ). It is noted that
the critical Richardson number Ric ≈ 0.2 corresponds to the lower part of the very stable
boundary-layer parametric range (O(1) <∼ ξ <∼ O(10)).

The classical expressions for the stability functions,

φm(ξ) = φh(ξ) = 1 + βξ, (26)

with β ≈ 5, originally suggested by Businger et al. (1971), were based on the analysis
of measurements in a thermally stratified atmospheric boundary layer. These expressions
are referred to as the log-linear distributions, and were adapted for sediment-laden flows
by e.g. Soulsby and Wainwright (1987), Wamser and Lykossov (1995), and Kudryavtsev
(2006). However, the experimental data (Businger et al. 1971; Dyer 1974; Yaglom 1977;
King 1990; Beljaars and Holtslag 1991; Howell and Sun 1999; Grachev et al. 2008) fit the
log-linear expressions well only for small values of ξ < 0.1 (weakly stable boundary layer).
Nieuwstadt (1984) extended the classical MOS theory by considering scales that depend
on the vertical coordinate z (local scaling) and successfully applied it to a stable nocturnal
thermally-stratified atmospheric boundary layer. It was shown that the log-linear distribu-
tion works well if local scaling is used for both the weakly stable and transitional regimes
(ξ <∼ O(1)) i.e. if the ocean-spray volume fraction is relatively small, s < slim. In order to
estimate slim, then we use definitions (21) and (24) of Ls and ξ to obtain

slim = u3∗
k∞aσgz

. (27)

For typical values of parameters z ≈ 10 m, a ≈ 1 m s−1, σ ≈ 103, g ≈ 10 m s−1,

u∗ ≈ 1 m s−1 we obtain slim ∼ 10−5.
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Table 1 The values of ξ and Ri
at wave-crest level for
u10 = 50 m s−1 for different
values of δ

δ ξ Ri

0.2 3.5 × 10−2 3 × 10−2

0.4 0.8 0.14

0.6 3.3 0.19

0.8 8.5 0.26

Recent experiments (Grachev et al. 2007) indicate that the stability function φm(ξ) incre-
ases with ξ significantly slower than that predicted by the log-linear distribution (26) for
ξ > 1 (very stable boundary layer). Therefore, the log-linear distribution is not applicable
for concentrations of the ocean spray higher than s ∼ 10−5. Various stability profile func-
tions have been suggested in the literature in an attempt to extend the MOS applicability to
larger Ri numbers (Lettau 1957; Businger et al. 1971; Dyer 1974; Holtslag and de Bruin
1988). Recently, Grachev et al. (2007) proposed a different analytical form for the stability
functions that are based on the analysis of comprehensive flux–profile data from the Surface
Heat Budget of the Arctic Ocean experiment (SHEBA)

φm(ξ) = 1 + 6.5ξ (1 + ξ)1/3

1.3 + ξ
, (28)

φh(ξ) = 1 + 5ξ + 5ξ2

1 + 3ξ + ξ2 . (29)

These expressions are based on comprehensive long-term multilevel measurements and
appear to be the most reliable among all the stability functions reported in the literature
to date. Grachev et al. (2007) showed experimentally that they are valid for values of ξ

up to 100 and Ri up to 0.62, which corresponds to s ≈ 10−3 for the spray-stratified flow.
Therefore, the generalized MOS theory (with modified expressions for the stability functions
(28) and (29) and the z-dependent local scaling) remains applicable even for the very stable
regime. Numerical calculations that we report in the article cover the range of experimental
data available for wind speeds u10 < 50 m s−1. We found that the values of ξ(zW) and
Ri(zW) at the wave-crest level, z = zW, do not exceed the respective maxima of 8.5
and 0.26, (see Table 1) achieved for the upper-bound spray-production function (δ = 0.8)
and the flow speed of 50 m s−1 (details are given in Sect. 3.1). Therefore, we remain safely
in the validity range of the generalized MOS theory and adopt relations (28) and (29) for our
present calculations and compare the obtained numerical results with the ones for log-linear
stability functions previously used for sediment-laden flow modelling.

2.4 Boundary Conditions

It was shown experimentally (Wu 1980) that the surface roughness length z0 is determined
by (Charnock 1955)

z0 = c0u2∗
g

, (30)

where c0 = 0.018. For a typical value of u∗ = 1 m s−1, we obtain z0 ≈ 1.8 × 10−3 m.
Since the total spray-volume fraction s = s0 is constant for z < zW, from (19b), we obtain
that K o = 0 and the TKE equation (18) takes a simple form ε = k (du/dz)2 in this region.
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Therefore, we obtain the following expression for the TKE from the momentum exchange
Eq. (17) and expressions (19a) and (19c) for k and ε:

e = u2∗, z < zW. (31)

Clearly, spray distributed uniformly in the vertical direction does not affect the turbulence
intensity. Subsequently, from (17), (19a), (19b), (20) and (31), we obtain the logarithmic
profile for the flow-speed distribution

u = u∗
k∞

ln

(
z

z0

)
, z < zW. (32)

Then the flow speed at the wave crest level z = zW is

uW = u∗
k∞

ln

(
z

z0

)
. (33)

The ocean-spray generation rate Q0(r) can be expressed as a function of the reference wind
speed u10 (Wu 1993; Andreas 1998), and so the total spray volume fraction s0 is also a
function of u10 on account of (11):

s0 = f (u10). (34)

Detailed information regarding the function f (u10) is provided in Sect. 2.6. Relations (33)
and (34) serve as the boundary conditions for the momentum and ocean-spray mass exchange
equations.

2.5 Non-Dimensional Form of the Governing Equations

Based on BCP, we introduce the non-dimensional variables and parameters Z = z/L r,

Zw = zw/L r, Z0 = z0/L r , L = l/L r, U = u/u∗, E = e/u2∗, ω = a/(αsk∞u∗), where the
reference length scale L r = u2∗/(αsσg) = u3∗k∞ω/(aσg). The non-dimensional form of the
governing equations (12), (17) and (18) then becomes

K
dU

dZ
= 1, (35)

K
ds

dZ
+ k∞ωs = 0, (36)

E2 + K o − 1 = 0, (37)

where

K = L
√

E, (38a)

L = k∞ Z�(K o), (38b)

K o = k∞ωL
√

Es. (38c)

Boundary conditions (33) and (34) take the following non-dimensional forms:

U (ZW) = UW ≡ 1

k∞
ln

(
ZW

Z0

)
, (39)

s(ZW) = s0 = f (u∗U10), (40)
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Fig. 1 A conceptual diagram of
spume generated by the wind
tearing off the wave crests: z0
and zW are the roughness length
and the heights of wave crests,
respectively. Ocean spray is
distributed uniformly below the
wave crests

wind

Wz

0

z

0z

where U10 is the 10-m non-dimensional flow speed. We use the standard definition of the
10-m drag coefficient,

Cd =
(

u∗
u10

)2

= 1

U 2
10

. (41)

The effective turbulent roughness scale z0,e is defined assuming the logarithmic flow-speed
profile:

U = 1

k∞
ln

(
z

z0,e

)
(42)

so that

z0,e = z10 exp(−k∞U10). (43)

The considered spray-laden flow configuration is schematically shown in Fig. 1.

2.6 Estimates for Values of the Parameters Characterizing the Problem

Three non-dimensional parameters s0, UW and ω occur in the governing equations and bound-
ary conditions (35)–(40). We will also use an alternative equivalent set of parameters s0, u∗
and αs. In order to proceed with our analysis, we need to estimate the range and limiting values
of these parameters. As mentioned above, the value of s0 is defined by the spray-generation
function (SGF) via relationship (11). A comprehensive review of the SGFs for low wind
speeds is given in Andreas (1998), where it is noted that a great uncertainty regarding the
SGF magnitude exists in literature. Its estimations suggested by different authors vary by six
orders of magnitude for a given droplet radius even for low wind speeds, and currently no
reliable experimental data are available for high wind speeds. Many researchers in the field
(Wu 1993; Andreas 1998; Monahan 1984), however, suggest that the spume ocean-spray
production increases exponentially with the flow speed at the reference level u10, i.e.

s0 = A exp(δ(u10 − ur)), (44)

where A = 2 × 10−7 and the reference speed ur = 22 m s−1. In order to be consistent with
the SGFs reported in the previous studies, we take the value of u10 in (44) without accounting
for the flow acceleration due to the spray presence. The SGF values for the actual flow speed
would be somewhat lower due to the spray lubrication effect. For the present, we consider
the lower- and upper-bound SGFs corresponding to the parameter δ (which should not be
confused with the Dirac delta function introduced in Sect. 2) estimated (for u10 in m s−1)
as 0.2 (Andreas 1998) and 0.875 (Monahan 1984; Wu 1993), respectively (both estimations
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Fig. 2 a Average terminal velocity of a droplet and b logarithm of the spray volume mixing ratio s0 ver-
sus the reference flow speed u10. The terminal velocities and spray volume mixing ratio are calculated for
spray generation suggested by Andreas (1998) (circles) and Monahan (1986) with the spume-component
modification by Wu (1993) (squares)

account for the spume and whitecap contributions). The values of the logarithm of s0 and
a below zW given by (11) and (15) are shown in Fig. 2 as functions of the reference flow
speed u10 for both SGFs. The average terminal velocity of spray droplets reaches the limiting
value at wind speeds u10 > 25 m s−1 when the whitecap spray production becomes negligible
compared to the spume spray production. The limiting values computed for different spray
production rates remain of the order of 1 m s−1 (a ≈ 0.9 m s−1 for δ = 0.2 and a ≈ 0.7 m s−1

for δ = 0.875). In contrast, the volume mixing ratio of the ocean spray depends strongly
on the spray-generation rate and increases with the wind speed much faster for δ = 0.875
than for δ = 0.2. For example, at u10 = 35 m s−1, the volume mixing ratio of the spray is
s0 ≈ 10−6 for δ = 0.2 and s0 ≈ 10−4 for δ = 0.875.

The parameter αs is the reciprocal of the turbulent Schmidt number αs = 1/Sct , where
the values of Sct for atmospheric flows are not well known. For example, the average value
of Sct = 0.6 with the standard deviation of 0.31 was found by measuring the tracer mass
emission in an atmospheric boundary layer near the ground (Flesch 2002). A similar range
Sct = 0.3−0.9 was reported by Jha and Bombardelli (2009) for sediment-laden open-channel
flows. Other experimental studies report the estimated Sct values varying widely from 0.17
to 1.35 (Lilly 1973; Koeltzsch 2000; Tominaga and Stathopoulos 2007). In our calculations,
we consider the Schmidt number range of 0.3−1.0 that corresponds to αs ≈ 1−3. Finally,
we assume the average wave height of 10 m with the corresponding average wave amplitude
zW = 5 m.

3 Numerical and Analytical Calculations Using the Model

3.1 Numerical Calculations

In what follows, we discuss the results of numerical simulations of the spray-laden flow
described by the two suggested models: the TKE-based model (35)–(37) and the MOS-
based model (22)–(23) subject to the same boundary conditions (39) and (40). In order
to investigate the sensitivity of the TKE model to Schmidt number values, we performed
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Fig. 3 Drag coefficient Cd as a function of the reference wind speed u10 for a δ = 0.2, b δ = 0.4, c δ = 0.6
and d δ = 0.8. The circles and squares correspond to the TKE model with αs = 1 and αs = 3, respectively.
The triangles and stars correspond to the MOS1 (SHEMA stability functions) and MOS2 (log-linear stability
functions) models, respectively

calculations for αs = 1 and αs = 3. The results for the MOS model that uses SHEBA func-
tions (28)–(29) and the log-linear distribution (26) are referred to as ‘MOS1’ and ‘MOS2’,
respectively. The values of δ = 0.2 and δ = 0.875 correspond to the lower and upper bounds
of the investigated spray production rate. The numerical results are compared with the mea-
sured data ranges given in Powell et al. (2003) and shown by the vertical bars in Figs. 3,
4 and 5. We also present the numerical data for the turbulent boundary-layer flow without
spray (the dashed lines in Figs. 3, 4 and 5).

The values of the 10-m drag coefficient Cd versus the 10-m flow speed are plotted in
Fig. 3. The TKE and MOS-based models predict qualitatively similar dependences of the
drag coefficient on the flow speed over the considered range of parameters. The momentum
transport reduction is insignificant until the flow speed reaches the critical value uc (for-
mally defined in the next sub-section). The critical value uc decreases from 40–60 m s−1 for
δ = 0.2 to 25−33 m s−1 for δ = 0.8. The MOS1 and MOS2 models produce even more
closely similar dependences of the drag coefficient on the flow speed despite the significant
difference between the log-linear and SHEBA stability functions. The values of ξ and Ri at
the wave crest level for u10 = 50 m s−1 correspond to the maxima of these variables over
the observed flow-speed interval. They are presented in Table 1. These numerical results
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Fig. 4 Friction velocity u∗ as a function of the reference wind speed u10 for the same parameters as in Fig. 3

indicate that almost all considered cases fall into either weakly stable or transitional regimes
with Ri <∼ Ric ≈ 0.2, safely in the validity range of MOS theory. The TKE model predicts a
stronger lubrication for larger values of αs (smaller turbulent Schmidt number) but the same
value of the critical flow speed. In comparison with the TKE model, the MOS models predict
a stronger drag reduction at larger flow speeds and lower values of the critical speed at which
the lubrication effects become noticeable, especially for smaller values of δ = 0.2−0.4.

Figure 4 shows the dependence of the friction velocity u∗ on the 10-m flow speed, where
good quantitative agreement amongst all the models is observed. The numerical results are
relatively insensitive to the value of the turbulent Schmidt number and the choice of the
momentum and spray-flux stability functions. The dependence of the effective roughness
length z0e defined by (43) on the wind speed is presented in Fig. 5. For the same wind speed,
the TKE models predict a larger effective turbulent roughness than do the MOS models. Good
agreement between numerical simulations and measurements is observed for larger values
of δ in the range of 0.4−0.8 for the MOS models and 0.5−0.8 for the TKE model. However,
the numerical results obtained for δ = 0.2 differ from the experimental observations. The
best match with the experimental data is obtained for δ = 0.5−0.6, which is in the middle
of the δ value range found in the literature. For these values of δ, the product σ s becomes
larger than unity for u10 > 40 m s−1. As we mentioned above, for such large wind speeds,
the spray inertia might become important so that it is unclear whether the inertialess TKE
model remains valid in these regimes. On the other hand, the MOS1 model is still formally
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Fig. 5 Effective roughness length as a function of the reference wind speed u10 for the same parameters as
in Fig. 3

valid so long as s < 10−3 and the fact that both models produce similar results serves as an
indicator that the current TKE model captures the lubrication effect quite accurately even for
larger values of spray concentration.

3.2 Analytical Estimates

In this section, we describe the asymptotic solution for a spray-laden wind. It is valid for
small values of Kolmogorov number K o, implying a small spray volume mixing ratio. There-
fore, the asymptotic solution describes the initial stage of flow acceleration when the spray
concentration is low. This solution allows one to evaluate the critical flow speed uc.

Since K o ≥ 0 it follows from (37) that

√
E = (1 − K o)1/4 ≤ 1, (45)

and from (45) and (38), we obtain

K o ≤ k∞ωLs ≤ k2∞z

L r
ωs0 = k∞zs0aσg

u3∗
. (46)
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Taking z ≈ 10 m, a ≈ 1 m s−1, σ ≈ 103, g ≈ 10 m s−2, u∗ ≈ 1 m s−1, we obtain an
estimate:

K o <∼ 0.1, (47)

which is valid for low spray concentrations s0 <∼ 10−6. Therefore, K o is a small parameter
for this range of s0 values. After expanding the expression for the reciprocal of the non-
dimensional turbulent diffusion coefficient K into a Taylor series in K o, and retaining only
first-order terms, we obtain

1

K
= 1√

E L
= 1

(1 − K o)1/4L
= (1 + K o/4 + · · · )

L
≈

(
1 + k∞ωLs

4

)
L

. (48)

Upon substituting (48) into (36) and disregarding the higher-order terms containing K o, we
obtain the following equation for s:

ds

dZ
+ ω

Z
s = 0 (49)

subjected to the boundary condition

s (ZW) = s0. (50)

The solution of (49) and (50) can be written as

s(Z) = s0

(
Z

ZW

)−ω

. (51)

After substituting (48) into (35) and integrating the obtained equation with respect to the ver-
tical coordinate Z , we obtain the expression for the non-dimensional flow speed as follows:

U = 1

k∞
ln

(
Z

Z0

)
+ 1

4
k∞ωZWs0 I (Z), (52)

where

I (Z) =

⎧⎪⎪⎨
⎪⎪⎩

(
Z

ZW

)1−ω−1

1−ω
, ω �= 1

ln
(

Z
ZW

)
, ω = 1

. (53)

The first term on the right-hand side of (52), U 0 = (1/k∞) ln(Z/Z0), is the non-dimensional
horizontal speed profile for a flow without spray, while the second term determines the veloc-
ity magnitude increase due to the presence of the spray.

After substituting the expression for the spray concentration (44) into (52) we obtain

u = u0 + I (z)C exp
(
δ
(
u0

10 − ur
))

, (54)

where u and u0 are the dimensional flow velocities corresponding to U = u/u∗, U 0 = u0/u∗
and C = k∞ωZW Au∗/4. At the reference point z10 ≡ 10 m, Eq. (54) becomes

u10 = u0
10 + D exp

(
δ
(
u0

10 − ur
))

, (55)

where D = I (z10)C . The obtained relationship (55) allows us to estimate the critical value
of the flow speed at which the airflow acceleration ‘kicks in’.
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We define the critical flow speed uc as that for which the difference between the spray-
laden flow speed and that without the spray at the reference level z10 is equal to 1 m s−1 i.e.
uc = u0

c − 1. This implies that, according to (55),

D exp(δ(uc − ur)) = 1. (56)

Finally, we obtain the estimate for the critical speed uc from (56):

u0
c ≈ uc = ur − ln D

δ
= ur − 1

δ
ln

(
azW Aσg

4u3∗
I (z10)

)
. (57)

In particular, the critical flow speed uc = 54, 38, 33, and 30 m s−1 for δ = 0.2, 0.4, 0.6 and
0.8, respectively, and u∗ = 1 m s−1, zW = 5 m, αs = 1. The value of u∗ varies somewhat
with δ, but, since it only appears logarithmically, its effect on the estimate is insignificant.
The analytical values of uc agree very well with the numerical results (refer to Fig. 3).

3.3 Remarks on the BCP Mathematical Model

While the current study was strongly influenced and inspired by the study reported in BCP,
we believe that BCP contains a number of physical and numerical shortcomings that are
outlined below. The BCP model considers ocean spray generated by the wind tearing drop-
lets off wave crests within the spume layer located between z0 and zw = z0 + h. The
following main result is reported by the authors in their Discussion section: “An illustra-
tive numerical example is as follows: with standard values of the water and air densities,
u∗ = 1 m s−1, zw = 10 m, z0 = 9.9 m, h = 0.1 m, the wind speed with no droplets at
z = 20 m is ≈ 4 m s−1, while in the presence of large droplets at s0 = 10−4, ω = 75, the
wind speed is 30 m s−1”. However, the reported value ω = 75 (ω is defined as ω = a/(αsu∗))
corresponds to the terminal velocity a = αsu∗ω = 150 m s−1, which is unrealistically large.
For comparison, in the classical study of Gunn and Kinzer (1949), the terminal velocity of a
droplet with the diameter of 5.8 mm is found to be only 9.17 m s−1. The value of the surface
roughness z0 = 9.9 m also appears to be very large. Despite these physical inconsistencies,
we repeated the BCP calculations using their model and parameter values. However, we
found that the flow speed increased only by 3% from 2.5 to 2.57 m s−1 in contrast to the
increase of almost an order of magnitude reported in BCP. It is likely that numerical errors
in the BCP calculations are responsible for this large discrepancy.

4 Conclusions

We proposed two (MOS and TKE-based) models for the effect of ocean spray on the momen-
tum exchange at high wind speeds. Primarily the spume spray that results from wave crests
torn by the wind affects the vertical momentum exchange. The contribution of jet and film
droplets in the momentum exchange rate is negligible since its total volume production at
wind speeds >20 m s−1 is much lower than that of spume droplets.

It is found that the airflow in the lower part of the boundary layer can noticeably accelerate
because of the turbulent transport suppression by the ocean spray if the spray concentration
increases rapidly enough with the wind speed. The lubrication effect is insignificant until the
flow speed reaches a certain critical value. Further wind speed increases trigger flow accel-
eration relative to the airflow not affected by spume. It is estimated that, depending on the
exponential spume-generation growth rate, the critical wind speed ranges from 25−33 m s−1
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(for a large growth rate reported by Wu 1993) to more than 45 m s−1 (for the slowest growth
rate reported by Andreas 1998).

The applicability of the considered MOS theory (unlike the developed TKE model) for
the atmospheric spray-laden boundary layer is not warranted since the original MOS model
was developed using stability functions experimentally determined for a thermally stratified
boundary layer. However, as we pointed out, there is no full analogy between thermally and
sediment-stratified boundary layers. Yet, the numerical results indicate that both the MOS
and TKE models produce similar distributions for a complete range of flow parameters.
Therefore, we conclude that utilization of the MOS theory for a spray-laden boundary-layer
flow analysis leads to results that are at least qualitatively correct.

Numerical calculations have been verified against the available experimental data (Powell
et al. 2003). It was shown that the dependencies of the drag coefficient, friction velocity and
efficient roughness length on the flow speed agree well with the corresponding experimen-
tal data. Therefore, the spray stratification of the boundary layer can explain the significant
reduction of momentum transport between the atmosphere and the ocean under high wind
conditions observed experimentally.

We also re-examined the findings reported in Barenblatt et al. (2005) in which the authors
argued that the presence of water spray can significantly accelerate the flow. While our inves-
tigation was inspired by this idea and fully supports it, we believe that the numerical results
reported there might be affected by computational errors and an unrealistic choice of model
parameters.
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