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Chapter 5 Potential Vorticity 
  
[Claim]  For an adiabatic, inviscid flow, Ca is conserved. 
 

Proof: It has been proved earlier that for an adiabatic and inviscid flow, 
θ  is conserved.  That is, θ is constant following the motion. In addition, 
ρ is a function of p alone in an adiabatic flow,  

 

pv
p

cc
cR

o p
R

p /
/

 








=

θ
ρ  

 
Therefore, the circulation theorem becomes 
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Thus, Ca is conserved following an adiabatic and inviscid flow. 
 

Using Holton’s Eq. (4.4),  
  

 φsin22 ACACC ea Ω+=Ω+=  (4.4) 
 

the conservation of Ca following an adiabatic flow can also be rewritten 
as 
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∫ =− 0)d( /1 pv ccp  
Closed line integral of an exact 
differential is zero. 
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Recap: The example of negative vorticity generated when moving a non-circulating 
air to the North Pole now can be proved! 
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Thus, ( )Af+ζ  is conserved following an adiabatic, inviscid flow. Note that the 
sum of ζ (relative vorticity) and f (planetary vorticity), i.e. the absolute vorticity 
(ζ + f), is not conserved in general. 

 
[Ertel Potential Vorticity Theorem]  
 

Consider an adiabatic, inviscid, hydrostatic flow, (4.10), to an air 
column confined between δθθθ +oo   and   by a depth of )( 1 oppp −=δ  

(see Fig. 4.8).   
 
 
 
 
 
 
 
 
 
Fig. 4.8: A cylindrical column of air moving adiabatically, conserving potential 
vorticity. 
 

Note that the air mass confined within the cylindrical column can be 
derived, 
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Since the mass of the air confined within the cylindrical column 
is conserved and δθ is chosen to be fixed, the term within the 
parenthesis is constant.  

 

Substituting the area A in the above equation into the circulation 
theorem, (4.11), and leads to 
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Taking the limit 0→pδ , we may define a quantity P as 
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Thus, therefore P is conserved (kept constant) following an 
adiabatic flow. P is called the potential vorticity (or PV).  In other 
words, the PV is conserved for an adiabatic, hydrostatic, 
frictionless flow.  The unit of PV is 121 −− smkgK . 
 

[Reading Assignment] An alternative way to derive the conservation of potential 
vorticity in an inviscid, adiabatic flow is as follow: 

 
From Stoke’s theorem,  
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where θθ ∇∇= /n  and since )/( θθρρ ∇∇== dAdAdhdm , we have 
 



4 
 

 0)(])[( =






 ∇⋅






=








∇⋅=⋅=

ρ
θω

θθρ
θωω a

aa
a

Dt
D

d
dm

d
dm

Dt
DA

Dt
D

Dt
DC n   

since both dm and dθ are constants. Thus, for an adiabatic, inviscid fluid flow, 
we have 
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The quantity inside the square bracket, 
 

 
ρ

θω ∇⋅
=Π a  (4.25) 

is called the Ertel potential vorticity which is conserved for an inviscid, adiabatic 
flow.  [End of Reading Assignment] 

 
• For a moist flow, the Ertel’s PV may be modified to include the latent 

heat effect as the equivalent Ertel's PV 
 

 ρ
θe

eP ∇⋅
= aω

, 

where eθ is the equivalent potential temperature.   
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[Physical meaning of the Ertel’s PV]   
 
The Ertel’s PV, as defined in (4.25), may be written as 
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The above means that the PV is proportional to the absolute vertical 
vorticity divided by the effective depth. 

 
 

http://glossary.ametsoc.org/wiki/Equivalent_potential_temperature
https://courseware.e-education.psu.edu/courses/meteo241/Section03p09_5.html
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In addition, 
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[Special Case] For a homogeneous (ρ = const), incompressible fluid flow, 
we have  
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Since δθ and ρ are constants for this special case, it implies 
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• Applications of the PV Conservation 
• Flow over large-scale mountains 

 
 
 
 
 
 
 
 
 
 
 
Fig. 5.26: A sketch of a quasi-geostrophic, stratified flow over a circular mountain.  (a) The 
vertical vorticity associated with the deformation of vortex tubes is shown.  The solid lines 
represent trajectories on the vertical cross section through the center of the mountain.  (b) 
The streamline pattern near the surface for the flow associated with (a) as seen from above. 
(Lin 2007-Ch.5; Adapted from Smith 1979 and Buzzi and Tibaldi 1977) 

https://skydrive.live.com/?id=documents#!/?cid=6D1F54B8B45873B3&id=6D1F54B8B45873B3%21370
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• Flow over planetary-scale mountains (β effect cannot be ignored) 
(a) Westerly flow (From Holton 2004) 

 
 
 
 
 
 
 
 

 
  

(b) Easterly flow 
 

 
     (From Holton 2004) 
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• Analogy of depth change of a barotropic fluid and β  effect 
 

 
          E                   P  
 
 
 
 
 
 
 

 
               (From Holton 2004) 

 
An air column moving toward North Pole (assume δz~constant) 
 => f  increases   
  => ζ decreases 
 
Which can be mimicked by a fluid column moving inward in the water 
tank:  
 

 => δz decreases  => vortex column shrinks 
  => ζ decreases (because (ζ +f)/δz=constant) 
 

In other words, the decrease of δz produces the same effect as the increase 
of f (i.e. the β effect), i.e. decrease of ζ.  Therefore, the β effect can be 
simulated by varying the water column depth in a tank experiment. 
  
 
 
 
 
 
 

Equator North 
Pole 
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 Applications for the Conservation of PV Theories 
 

(a) Idealized fronts passing over elongated mountains 
 

 
 
 
 
 
 
Fig. 6.39: Idealized schematic of a front propagating over a mountain ridge, which indicates 
the low-level blocking of the front along the windward slope, the development of the lee trough 
and secondary trough along the lee slope, the separation of the upper-level and lower-level 
frontal waves, and the coupling of the upper-level frontal wave with the secondary trough in 
the lee of the mountain.  (Lin 2007-Ch.5; Adapted after Dickinson and Knight 1999)  

 

(b) Cold front passing over Alps, CMR, and Appalachians 
 

 
 
 

 

 

 

 

 

 

 
 
 
Fig. 6.38: Examples of three-dimensional frontal 
passage over mesoscale mountains.  (a) Schematic of 
3-h surface isochrones of a cold front passing over the 
Alps. (Adapted from Steinacker 1981); and (b) 
Surface analysis of a Mei-Yu front passing over 
Taiwan at 1800 UTC 13 May 1987.  (Lin 2007-Ch.5; 
Adapted after Chen and Hui, 1992)  

 

 

 

(O’Handley and Bosart, 1996, MWR) 

https://skydrive.live.com/?cid=6D1F54B8B45873B3&id=6D1F54B8B45873B3%21370
https://skydrive.live.com/?cid=6D1F54B8B45873B3&id=6D1F54B8B45873B3%21370
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• Lee cyclogenesis over the Alps and Appalachians 
 
 

 
 
 

 

 

 

 

 
(O’Handley and Bosart, 1996, MWR) 

 

 

 
Fig. 6.31: Schematics of two types of lee cyclogenesis over the 
Alps as proposed by Pichler and Steinacker (1987): (a) 
Southwesterly upper-level type, and (b) Northwesterly upper-
level type. The bold, solid lines indicate the upper-level flow 
and the surface front is plotted for two consecutive times, as 
denoted by 1 and 2.   (Lin 2007-Ch.5; Adapted after Pichler and 
Steinacker 1987) 

 
• Lee cyclogenesis over the Rockies 

 
 

 
 
 
 
Fig. 5.33: An example of Rockies lee cyclogenesis. 
Three stages, as summarized in the text, are clearly 
shown in the perturbation geopotential fields on 860 
mb at 12-h intervals from 3/18/12Z (1200 UTC 18 
March) to 3/20/12Z 1994.  Solid (Dashed) contours 
denote positive (negative) values, while bold solid 
contours denote zero geopotential perturbations. 
Darker (Lighter) shading denotes warm (cold) areas 
at 900-mb ' 4 Kθ ≥  ( ' 4 Kθ < ).  (Lin 2007-
Ch.5; Adapted after Davis 1997) 
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https://skydrive.live.com/?cid=6D1F54B8B45873B3&id=6D1F54B8B45873B3%21370
https://skydrive.live.com/?cid=6D1F54B8B45873B3&id=6D1F54B8B45873B3%21370
https://skydrive.live.com/?cid=6D1F54B8B45873B3&id=6D1F54B8B45873B3%21370
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• Cyclone track deflection by an elongated mountain 

 

 
 
 
 
 
 
 
 
 
 

Fig. 5.36: Effects of shallow orography on cyclone track deflection through the turning of (a) the 
basic flow and (b) outer circulation of the cyclone.  The solid-circled L and dash-circled L denote 
the parent and new cyclones, respectively.  The incoming flow is geostrophically balanced.  H 
denotes the mountain-induced high pressure.  The lower curve in (a) denotes the trajectory of an 
upstream air parcel.  The cyclone is steered to the northeast by the basic flow velocity gV . gζ is 
the vertical vorticity associated with the basic flow.  In (b), the dashed curve associated with L 
denotes the cyclone track.  The new cyclone forms on the lee due to vorticity stretching associated 
with the cyclonic circulation that is, in turn, associated with the parent cyclone.  TV  is the 
characteristic tangential wind speed of the parent cyclone, such as the maximum tangential wind 
(Vmax).  The arrow adjacent to ζ denotes the local vorticity tendency ( / tζ∂ ∂ ).   (From Lin 2007-
Ch.5, Cambridge U Press) 

 

https://skydrive.live.com/?cid=6D1F54B8B45873B3&id=6D1F54B8B45873B3%21370
https://skydrive.live.com/?cid=6D1F54B8B45873B3&id=6D1F54B8B45873B3%21370
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• Cyclone track deflection by a finite-length mountain 

Fig. 5.35: Tropical cyclones traversing the Central Mountain Range (CMR) 
of Taiwan with (a) continuous tracks, and (b) discontinuous tracks.  A cyclone 
track is defined as discontinuous when the original cyclone (i.e. a low pressure 
and closed cyclonic circulation) and a lee cyclone simultaneously co-exist.  
(Lin 2007-Ch.5; Adapted after Wang 1980 and Chang 1982) 

 

 

 

 

 

https://skydrive.live.com/?cid=6D1F54B8B45873B3&id=6D1F54B8B45873B3%21370
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• Flow fields for a cyclone passing over a mesoscale 
mountain  

 

 

 

 

 

 

From Lin et al. (2005 JAS) 

 

 

       

 

 

 

 

 

 

 

 

Typhoon Haitang (2005) 
passing over Taiwan’s CMR 
(Jian and Wu 2006) 
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• Pressure, vorticity, and PV fields 

 
From Lin et al. (1999 JAS) 
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• Mechanism for cyclone track deflection over a mesoscale 
mountain 
 

 
Fig. 6.37: A conceptual model depicting three different responses of a westward 
propagating cyclone to orographic forcing: (a) weak blocking, (b) moderate blocking, and 
(c) strong blocking.  The strength of blocking may be controlled by some nondimensional 
parameters, such as

 

Vmax /Nh  and 

 

R /Ly .  (Lin 2007-Ch.5; After Lin et al. 2005)  

 

https://skydrive.live.com/?id=documents#!/?cid=6D1F54B8B45873B3&id=6D1F54B8B45873B3%21370
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• Influence on storm tracks 

 

 

 

 

 

 

 

 

 

 

 
 

Two major regions of cyclogenesis (wherever has strong forcing): 
 

1. Lee side of major mountain ranges (e.g., Rockies, Alps, Andes, 
etc.) and 

2. Across a region with strong differential heating [e.g., Gulf Stream 
(induced Atmospheric Bomb), Kuroshio]. 

 

 

 

 

http://www.google.com/imgres?imgurl=http://rense.com/general95/North%2520Pacific%2520Gyre.jpg&imgrefurl=http://rense.com/general95/kuro.html&h=402&w=550&sz=171&tbnid=v-AImlE72IY_xM:&tbnh=82&tbnw=112&zoom=1&usg=__hpN-G7xWttdITY4RI6iFdPvE4Xw=&docid=ycwnkYcJmInw3M&sa=X&ei=glJyUviNFPXKsQT29YG4DQ&ved=0CKcBEP4dMAs
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